Let 31 be a simple, flexible, power-associative algebra of degree two over an algebraically closed field $ of characteristic not equal to 2, 3 or 5. Then 31 has a unity element [5, Theorem 3.5] 1 =u-\-v where u and v are absolutely primitive orthogonal idempotents of SI. The algebra St can be decomposed as a vector space direct sum 3I = 3i" (2) +3I« (1) (1) +ä"(l)«1,(X) Ç8t«(l) for X = 2, 0, u is called a stable idempotent and 31 is said to be w-stable. If 3Í is «-stable for every idempotent m in 31 then 3Í is called a stable algebra.
Let 31 be a simple, flexible, power-associative algebra of degree two over an algebraically closed field $ of characteristic not equal to 2, 3 or 5. Then 31 has a unity element [5, Theorem 3 .5] 1 =u-\-v where u and v are absolutely primitive orthogonal idempotents of SI. The algebra St can be decomposed as a vector space direct sum 3I = 3i" (2) +3I« (1) (1) +ä"(l)«1,(X) Ç8t«(l) for X = 2, 0, u is called a stable idempotent and 31 is said to be w-stable. If 3Í is «-stable for every idempotent m in 31 then 3Í is called a stable algebra.
In §1 it is shown that if SI is a M-stable algebra then there is an element w in 3IM (1) such that w2= 1. The existence of this element is used in §2 to develop some of the multiplicative properties of 31. Finally in §3 it is proved that every simple, flexible, stable, powerassociative algebra of degree two over an algebraically closed field g of characteristic ^2, 3, 5 is a noncommutative Jordan algebra.
1. Let 31 be a simple, flexible, power-associative algebra of degree two over an algebraically closed field § of characteristic 9^2, 3, 5. We have the linearization of the power-associative identity ¿2 ixy + yx)izw + wz) (1) v^ r = 2-1 i(xy + yx)zjw (symmetric in x, y, z and w) and the flexible identity (2) ixy)z + izy)x = x(yz) + ziyx).
The algebra 31 has an attached algebra 3I+ which is the same vector space as 31 but has a product x o y defined by x o y = (1/2) (xy+yx) where xy is the product of 3Í. The idempotent u of 31 is an idempotent of 3t+ and 3L(X) = 3l+(X). Since u and v are absolutely primitive 31+(2) =Mg + 9i2and 31+ (0) = vg + nowhere 9î2and 3t0 are subalgebras Proof. By the flexible identity (2) we have (xw)u + (uw)x = x(wu) +u(wx) and u(xw)-\-wx = xw-{-(wx)u. Adding these identities we get 2uo xw+wx-\-(uw)x = xw+x(wu)-r-2uo wx. But 2(uo xw)i-(xw)i and 2(w o tox)i= (wx)i. 
If % is not a subalgebra of 2IU (2) we can find two elements x and y in 5i2 such that xy = u+n and yx= -u+n' with w and w' in %. Let a be an arbitrary element of 2lu(l). From (2) (1), a similar expression can be obtained for the elements u(ua), au, (au)u and ua of 2IU (1) . Therefore by an inductive argument we have that a is a sum of terms of the form wSXlSX3 • • ■ SXt where wG2Ia(l), x.-GSfe and t is arbitrary. But / can be chosen large enough so that all products SXl ■ ■ ■ Sx¡ = 0. Therefore a = 0 and 2t"(l)=0. But then 3I = 3f"(2) 89IU(0) contradicting the assumption that 21 is simple. Therefore we have Theorem 1.2. 2t"(2) =u%+yt2 where % is a subalgebra in 21 of nilpotent elements of 2I"(2).
Our algebra shall be restricted further by imposing the condition that m be a stable idempotent; i.e., 21 is «-stable. With this added assumption we prove the existence of an element w in 2IU(1) such that w2 = l. We need the following lemmas. Proof. By the flexible identity (2) we have t(su)-\-u(st) = (ts)u + (its)t and ts -t(us) -\-uist) = (/s)m + (mä)/. Therefore ts-\-uist) = (is)w + 2(ms) o t. Equating SI"(2) components we get (st)2 = 2(us o t)2. Equating 3IU(0) components we get (ts)o = 2(us o t)0.
Lemma 1.4. The set 32 of all elements of 2I"(2) of the form ¿2(ts)2 is an ideal of SIU (2) and the set 3 o of all elements of Slu(0) of the form ¿2(ts)o is an ideal of SIu(0) for t and s in 3IU(1).
Proof. Let y = v, xG3Iu(2), w = t and z = s be elements of St"(l) in (1) (2) component of each of the above terms, except possibly its+st)x, is clearly in 32. Therefore, by equating components, the SIU(2) component of its+st)x is also in %. Since t and s are arbitrary elements of 3lu(l), («/ o s)2x is in 3?2 and by Lemma 1.3, 2(mío s)2x=(fs)2x = [(íí)x]2 is in Q2. Now x(ts)-\-s(tx) = (xt)s + (st)x. Therefore [x(£s)]2 is also in 3*2. We show the second part of the lemma in a similar manner. Now assume that for every s, t of SIU (1) we have 5^% +$fto + 3Iu(l).
Then ¿sG%+9co+3Ul) and t o sG9c2+9co. Since SI is «-stable we have that 3f2+Slu(l)+3io is an ideal of 31 for 32 and 3o defined as in Lemma 1.4 . But this ideal of 31 is contained in 3i2 + 3iu(l) -f-^Co-Therefore the ideal must be zero since 31 is simple. But this implies that 3I«(1) =0 which contradicts the simplicity of 31. We can conclude that there is a pair of elements 5 and t in 3lu(l) such that sf G$ft2+3IU (1) + 3lo-This implies that either (st)2 is not in 9ft2 or (st)0 is not in 9i0. By Lemma 1.3 we then have that either (t o ms^G^ or (ut o 5)oG3io and therefore either t o us or ut o s is not in <iíl2+'ñuil) +%lo. Hence there is a pair of elements s and t in 3I"(1) such that 5 o /G^+Sftc Since 2s o t=is+t)2 -s2 -t2, there is an element y in 3IU (1) (1) then there exists an x in %iy), the algebra generated by y over %, such that w = xo y is in 3lu(l) and w2 = l. is an idempotent of 3l+ it is also an idempotent of 31 and 3íe (2) is a subalgebra of SI. From Lemma 1.9 the subspace 3L(2) is equal to e93. Therefore every element of 3te (2) It is easily seen from the above lemmas, in particular Lemma 2.3, that the mapping b-^bu is an isomorphism of 93 onto 3l"(2). Similarly 93 and 3IU(0) are isomorphic. Therefore we have Theorem 2.6. SI"(2) and SiM(0) are isomorphic subalgebras of 31.
3. In addition to our previous assumptions on 31 we shall now add the assumption that A is stable. We proceed with a sequence of lemmas leading to our main theorem that A is a noncommutative Jordan algebra. Proof. Since gGSiu(l) and èG3itI(2)-r-3i"(0) we have g&GSUl). We can write gb -wd-\-h where dG93 and AG® by Lemma 1.8. But we also have gGSL(l) and 6GSL(2)-r-3Ie(0). Therefore g&G3L(l) and Therefore the above identity can be reduced to Proof. Since 9t is an ideal of (5 we clearly have that 2I9Î +9^21 Ç 3ft. Therefore it is sufficient to show that 2í3 + 32ic:ü)c where 3 = 2IU(1)3Í +9î2I"(l)ç:2I,i(l). If A is any element of 2L (1) we can find an a in g such that h-\-aw is nonsingular.
Therefore every h in 2l"(l) can be expressed as the difference of two nonsingular elements of 2IU (1) . Hence it will be sufficient to show that all multiples of ha and ah are in 50Î for h in 2I" (1) and nonsingular and for a in SSi. Let h be any nonsingular element of 21^ (1) 
